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PERTURBATIVE EXPANSIONS IN
QUANTUM MECHANICS
MAURICIO D. GARAY
∗
Abstrat. We prove a D = 1 analyti versal deformation theorem
for WKB expansions. We dene the spetrum of an operator in loal
analyti terms. We use the Morse lemma to show that the perturbation
series arising in a perturbed harmoni osillator beome analyti after
a formal Borel transform.
Introdution
In this paper, we study deformation theory in an analyti subalgebra Q of
the universal Heisenberg algebra C[[x, ~∂x]]. The algebra Q onsists of an-
alyti miro-dierential operators depending on a semi-lassial parameter
~. We prove a Morse lemma in the Q-algebra, give further a versal defor-
mation theorem and solve a onjeture formulated by Colin de Verdière ([6℄,
Question 7). Next, we introdue a purely analyti denition of the spetrum
whih oinides with perturbative omputations. Then, using the quantum
Morse lemma, we get that the perturbation series for the spetrum of a per-
turbed harmoni osillator H(q, p) = p2 + q2 + tg(t, q, p), suh as the one
omputed by Heisenberg ([15℄), are Borel analyti.
By Borel analyti, we mean that these series an be expanded in formal
power series E(t, ~) =
∑
k αk(t)~
k
suh that the orresponding formal Borel
transforms Eˆ(t, ~) =
∑
k αk(t)~
k/k! are onvergent for |~| suiently small,
i.e., E(t, ~) is of Gevrey lass 1 or 2 depending on onventions.
Several examples of Borel analytiity are treated in the literature among
whih the ase of a perturbation given by g(t, q, p) = q4 ([23, 26℄). For some
speial polynomial perturbations, it is onjetured that the series are resur-
gent ([23, 30, 31℄).
The results of this paper an be generalised, in higher dimensions, to quan-
tum integrable systems ([11℄). The generalisation to Stein neighbourhoods
of arbitrary ompat subsets in C
2n
and the speialisation of the results to
the real analyti ase are straightforward.
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1. The quantum Morse lemma
1.1. The Q-algebra. Let Q̂ be the non-ommutative algebra onsisting of
formal power series in the variables a, a†, ~ whih satisfy the ommutation
relations
[a, a†] = ~, [~, a] = 0, [~, a†] = 0.
The operators
1√
~
a and 1√
~
a† are the annihilation and reation operators of
a free bosoni theory. It is important that unlike the lassial approah, we
do not divide these operators by
√
~.
We sometimes identify the algebra Q with the algebra generated by ~ and
the operators p, q with
p =
a† + a√
2
, q =
a† − a√
2i
satisfying the ommutation relation [p, q] = −i~.
An element f of the Q̂-algebra an always be ordered, i.e., written as a formal
sum f =
∑
αmnk(a
†)man~k with the a†'s before the a's.
The total symbol s : Q̂ −→ C[[~, x, y]] is dened by replaing the variables
a†, a with ommuting variables x, y:
s(f)(~, x, y) =
∑
m,n,k≥0
αmnkx
myn~k.
The prinipal symbol σ : Q̂ −→ C[[x, y]] is obtained by restriting the total
symbol to ~ = 0. We dene the Borel transform B : Q̂ −→ C[[~, x, y]] by
setting
B(f) :=
∑
m,n,k≥0
αmnk
k!
xmyn~k.
Definition 1.1 ([23, 27℄). The Q-algebra is the subalgebra of Q̂ onsisting
of power series having a onvergent Borel transform:
Q =
{
f ∈ Q̂, Bf ∈ C{~, x, y}
}
.
Here the notation C{~, x, y} stands for the ring of absolutely onvergent
power series. The subalgebra of Q onsisting of series whih are independent
of a† and a is denoted by C~:
C~ = {α ∈ C[[~]] : Bα ∈ C{~}}.
In the sequel, we shall be onerned with the Q-algebra but most results and
onstrutions an be adapted for the algebra Q̂ for whih most proofs are
straightforward.
That Q is a ring follows from general results due to Boutet de Monvel and
Krée (see Proposition 1.1).
There is a Borel transform with parameters that we denote in the same way
B : Q̂[[λ]] −→ C[[~, λ, x, y]], f 7→
∑
m,n,k≥0
αmnk
k!
xmyn~k, αmnk ∈ C[[λ]],
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where Q̂[[λ]] denotes the algebra of formal power series in q, p, ~, λ = (λ1, . . . , λk)
suh that the λi's are entral element of the algebra. We denote by Q{λ} the
algebra of elements having a onvergent Borel transform in the ~ variable.
Similarly, we dene the ring C~{λ} as the subring onsisting of formal power
series
∑
j,k αj,kλ
j
~
k
for whih the series
∑
j,k
αj,k
k! λ
j
~
k
is onvergent in a suf-
iently small neighbourhood of the origin. If k = 1, we often write t or z
instead of λ.
1.2. Statement of the quantum Morse lemma. Denote by Êx,tˆ(0) the
ring of germs of formal miroloal dierential operators of order 0 in the
variable x and t ∈ C whih are independent on t. As observed by Pham, the
mapping
Q̂ −→ Êx,tˆ(0), (a†, a, ~) 7→ (x, (∂t)−1∂x, (∂t)−1)
is an isomorphism of C-algebras ([23℄). Therefore, we an apply the results
of algebrai analysis in the Q-algebra. In partiular, [4℄ Lemma 1.2 and
Proposition 1.2 imply the following result.
Proposition 1.1 ([4℄). The vetor spae Q{λ} is a subalgebra of Q̂[[λ]].
Moreover for any u ∈ C~{λ, z},u =
∑
n≥0 unz
n
, and any f ∈ Q{λ}, the
element u ◦ f := ∑n≥0 unfn belongs to the algebra Q{λ}.
The proof of the analytiity of perturbative expansions for the spetrum of
a perturbed harmoni osillator is based on the following theorem.
Theorem 1. For any deformation f = f0 + tg with g ∈ Q{t}, there exist
an automorphism ϕ ∈ Aut(Q{t}) and a funtion germ u ∈ C~{t, z} suh
that u ◦ ϕ(f) = f0 provided that the prinipal symbol of f0 ∈ Q is a Morse
funtion-germ
1
.
The proof of this theorem will be given in Setion 3.
Remark 1.1. In the terminology of miro-loal analysis, the theorem states
that any deformation f of an ~-pseudo dierential operator f0 with a non-
degenerate quadrati part is trivial, i.e., there exists a Fourier integral oper-
ator Ut suh that
UtfU
−1
t = u
−1(f0).
In the limit ~ −→ 0, the theorem gives the Vey isohore Morse lemma ([29℄);
and if we onsider only formal power series in ~, then the formal variant of
the theorem is equivalent to this isohore Morse lemma ([7, 16℄).
By taking a linear interpolation between f0 ∈ Q and its quadrati part, we
dedue the following orollary.
Corollary 1.1. Under the assumptions of the previous theorem, there exist
an automorphism ϕ0 ∈ Aut(Q) and a funtion germ u0 ∈ C~{z} suh that
the equality u0 ◦ ϕ0(f0) = p2 + q2 holds.
1
A holomorphi funtion germ F : (Cn, 0) −→ C is alled of Morse type if dF (0) = 0
and d2F (0) is a non-degenerate quadrati form.
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Corollary 1.1 was obtained by Heler and Sjöstrand with the additional as-
sumption that the operator is self-adjoint ([16℄, Théorème b1 and Théorème
b6).
2. Differential alulus in the Q-algebra
We use the old-fashioned notions and notations of quantum mehanis ([28℄).
For notational reasons, we onsider the algebra Q but the results of this
setion admit straightforward generalisations to the algebra Q{λ}.
2.1. Integration of the Heisenberg equations. By Heisenberg equations,
we mean a non-autonomous evolution equation of the type F˙ = i
~
[F,H], F,H ∈
Q{t} where the dot denotes the derivative with respet to t.
Proposition 2.1. For any H ∈ Q{t}, there exists a unique operator U ∈
Q{t} satisfying the equation U˙ = HU with initial ondition U(t = 0, ·) = 1.
The automorphism ϕ ∈ Aut(Q{t})
ϕ : Q{t} −→ Q{t}, f 7→ U( t
i~
)fU−1(
t
i~
), U ∈ Q{t},
integrates the Heisenberg equations of H ∈ Q{t}, that is:
d
dt
ϕ(f) =
i
~
[ϕ(f),H], ∀f ∈ Q.
Proof. The proposition states, in partiular, that in the expression U( ti~)fU
−1( ti~)
all meromorphi terms anel.
First, we show that there exists an element U ∈ Q{t} suh that U˙ = HU ,
U|t=0 = 1.
Denote by G ∈ Q{t} the element obtained by replaing the omplex oe-
ients in the series expansion of H in the basis ((a†)jaktl~n) by their moduli.
Lemma 2.1. The formal power series V =
∑
vjklm(a
†)jaktl~m, vjklm ∈ R≥0,
obtained by integrating the equation V˙ = GV , V|t=0 = 1, is a majorant series2
for U =
∑
ujklm(a
†)jaktl~m, i.e., |ujklm| ≤ vjklm for all indies.
Proof. In the basis ((a†)iaj), any expression (a†)kal(a†)man an be written
as a polynomial with non-negative oeients:
(a†)iaj(a†)kal =
∑
cmnr(a
†)man~r, cmnr ≥ 0.
Therefore, by inserting the series of U inside the equation U˙ = HU , we
nd that the oeients u = (ujklm) of U in the basis ((a
†)jaktl~m) are
dened by reurrene relations of the type u = ucα where c is a triangular
(semi-innite) matrix with non negative oeients and α is the matrix of
H. Replaing the elements α by their moduli, we get oeients v = (vjklm)
eah having a moduli at least equal to the orresponding oeient in u.
This proves the lemma. 
2
A series
P
aiz
i
, ai ∈ C, is a majorant series of another series
P
biz
i
, bi ∈ C, if the
modulus of ai is at least that of bi for any multi-index i.
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Now, write G as a series with oeients in C{t} and denote by G˜ the series
obtained by replaing eah of these oeients by their supremum norm in a
ommon suiently small neighbourhood of the origin. A similar argument
to that of the previous lemma shows that the solution of the equation
˙˜V =
G˜V˜ with V˜|t=0 = 1 is a majorant series for V .
As G˜ is t-independent, we have V˜ = etG˜, therefore V˜ and onsequently V
and U are Borel analyti. This proves the assertion.
The map
ϕ : Q −→ Q̂[[t, t/~−1]], f 7→ U( t
i~
)fU−1(
t
i~
)
integrates formally the Heisenberg dierential equations that is as formal
power series
d
dt
ϕ(f) =
i
~
[ϕ(f),H].
Now, in a suiently small neighbourhood of the origin, the total symbol of
ϕ(f) has the following properties
(1) it is holomorphi in the omplement of the hyperplane {~ = 0},
(2) its restrition to the hyperplane t = 0 is holomorphi (sine the
restrition to t = 0 of U equals one),
(3) its partial derivative with respet to t is holomorphi.
This shows that ϕ(f) ∈ Q{t} for any f ∈ Q and onludes the proof of the
proposition.

This proposition shows that a hange of polarisation indues an automor-
phism of the Q-algebra. For instane, if the series ∑αmn(a†)man lies in Q
then so do the series
∑
αmna
m(a†)n,
∑
αmnq
mpn and
∑
αmnp
mqn.
2.2. Derivations in Q{t}. Following Born, Jordan and Heisenberg ([3℄),
we dene partial derivatives
∂qf = − i
~
[f, p], ∂pf =
i
~
[f, q], f ∈ Q, i2 = −1.
We denote by
∫
fdq (resp.
∫
fdp) the only funtion-germ F ∈ Q suh that
(1) ∂qF = f (resp. ∂pF = f ),
(2) F is divisible by q, i.e., there exists G ∈ Q suh that F = qG (resp.
F = pG).
For instane, if we write f =
∑
m,n≥0 αmnq
mpn we get∫
fdq =
∑
m,n≥0
αmn
m+ 1
qm+1pn, ∂qf =
∑
m,n≥0
mamnq
m−1pn.
A derivation D : Q{t} −→ Q{t} of the algebra Q{t} is a C~-linear mapping
satisfying the Leibniz rule. Due to the non-ommutativity of the algebra
Q{t}, the spae of Q{t}-derivations is not a Q{t}-module but only a C~-
module.
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Proposition 2.2. For any derivation D of the algebra Q{t}, there exist
funtion germs H ∈ Q{t} and α ∈ C~{t} suh that D = i~[·,H] + α∂t. The
funtion germ H is related to the derivation D by the formula
H =
∫
(Dp)dq −
∫
(Dq)dp+
i
~
∫ ∫
[p,Dq]dpdq.
Remark 2.1. One an dene a non-ommutative de Rham omplex in the
most obvious manner. This omplex denes a resolution of the ring C~. The
existene of H is an easy onsequene of this fat.
Proof. Dene F =
∫
(Dq)dp, then we have the equality Dq = ∂pF =
i
~
[q, F ].
I assert that the funtion germ Dp − i
~
[p, F ] does not depend on p, that is,
[Dp, q] = i
~
[[p, F ], q]. As D is a derivation, we have the equalities
D[p, q] = [Dp, q] + [p,Dq] = 0;
from whih we dedue that [Dp, q] = [Dq, p] = i
~
[[q, F ], p]. Finally, using the
Jaobi identity, we get that [[q, F ], p] = [[p, F ], q]. This proves the assertion.
The assertion implies that F ′ =
∫
(Dp − i
~
[p, F ])dq is a funtion of q inde-
pendent on p. We put H = F + F ′, then Dq = i
~
[q,H] and Dp = i
~
[p,H].
Consider the derivation D′ = D− i
~
[·,H]. As one has the equalities qD′(t) =
D′(qt) = D′(tq) = D′(t)q and similarly for p, the funtion D′(t) = α belongs
to the entre of the algebra Q{t}, that is, α ∈ C~{t}. This shows that the
derivation D′ is given by D′ = α∂t and onludes the proof of the proposi-
tion. 
2.3. Innitesimal ation for inverse images. The ation of the ring
C~{z, t} on the spae Q{t} indues an innitesimal ation that we shall
now desribe.
To the germs of two operators f, v ∈ Q{t}, we assoiate an element fv ∈
Q{t, ε}/(ε2) dened by the rule fv(t, q, p) = f(t, q, p) + εv(t, q, p). Here
(ε2) ⊂ Q{t, ε} denotes the ideal generated by ε2.
For any element u ∈ C~{t}, we write
u ◦ fv(t, q, p) = u ◦ f(t, q, p) + l(u, f, v)ε
with l(u, f, v) ∈ Q{t}.
We dene the mapping Dzu(f) : Q{t} −→ Q{t}, v 7→ l(u, f, v). If the
operator germ v ommutes with f then the equality Dzu(f) · v = (∂zu ◦ f)v
holds.
For instane, for u(z) = zn we get Dzu(f) ·v = fn−1v+fn−2vf+ · · ·+vfn−1
and if v ommutes with f then Dzu(f) · v = nfn−1v.
We have the hain rule formula
∂
∂t
(u ◦ f) = ( ∂
∂t
u) ◦ f +Dzu(f) · ∂
∂t
f.
If u is invertible for the omposition law then the inverse of its derivative
satises the equality Dzu(f)Dzu
−1(u ◦ f) = Id.
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3. Proof of the quantum Morse lemma (Theorem 1)
3.1. Innitesimal formulation of the quantum Morse lemma.
As suggested by Thom, for the ase of singularity theory for mappings, we
start by using the path method ([1℄).
Notations. The C~-module M = Q{t}/ i~[f,Q{t}] has a C~{z, t}-module
struture indued by that of Q{t} :∑
n≥0
anz
n ◦ [m] := [
∑
n≥0
anf
nm], an ∈ C~{t}, m ∈ Q{t},
where the brakets [·] mean that we projet the element in M .
Lemma 3.1. The quantum Morse lemma (Theorem 1) holds provided that
the C~{t}-module M = Q{t}/ i~[f,Q{t}] is of nite type.
Proof. We searh for an automorphism ϕ ∈ Aut(Q{t}) with ϕ(t) = t and
a map u ∈ C~{z, t} suh that u ◦ ϕ(f) = f0. We dierentiate this equality
with respet to t, we get the equation
(1)
∂u
∂t
◦ ϕ(f) +Dzu(ϕ(f)) · ϕ( i
~
[f,H] +
∂f
∂t
) = 0
where, aording to Proposition 2.2, the operatorH is dened by the equality
[·,H] + ∂t = ϕ−1( ddtϕ(·)). Applying the map Dzu−1(u ◦ ϕ(f)) to Equation
(1) and then ating by the automorphism ϕ−1, we get an equation of the
type
(2) g ◦ f + i
~
[f,H] = γ, γ ∈ Q{t}, g ∈ C~{z, t}.
The automorphism ϕ is obtained from H by integration of the Heisenberg
dierential equations (Proposition 2.1). I assert that the map germ u an
also be reovered from the map germ g. Indeed, as g ◦ f ommutes with f ,
the relation
∂u
∂t
◦ f = Dzu(f) · (g ◦ f)
redues to
∂u
∂t
◦ f = (∂u
∂z
g) ◦ f.
A straightforward variant of the Cauhy-Kovalevskaïa theorem with oe-
ients in C~ implies that the initial value problem{
∂u
∂t =
∂u
∂z g
u(t = 0, z) = z
an be solved in C~{z, t}. This fat an also be redued to the standard
Cauhy-Kovalevskaïa theorem. Indeed, the Borel transform Bu of u satises
the equation
(3)
∂Bu
∂t
=
∂Bu
∂z
∗Bg,
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with initial ondition Bu(t = 0, z) = z. (We used the relation B(αβ) =
Bα ∗Bβ where ∗ denotes the onvolution produt in the ~ variable.)
Expanding both sides of the dierential equation as power series in ~, we get
that there exists a unique formal power series solution to this initial value
problem; it remains to prove that it is holomorphi.
We hose r ∈ R, so that, in the series expansions
Bg =
∑
n,m≥0
gn,mz
ntm, Bu =
∑
n,m≥0
un,mz
ntm
the oeients gn,m, un,m are holomorphi in the disk D = {~ ∈ C, |~| < 2r}
and both funtions are holomorphi in some polydisk D ×D′ ⊂ C3.
We dene the holomorphi funtion
g˜ =
∑
n,m≥0
cn,mz
ntm, cn,m = sup
|~|≤r
|gn,m(~)|.
The integro-dierential equation (3) gives the reursion
(m+ 1)un,m+1 =
∑
j+j′=n,k+k′=m
(j + 1)uj+1,k ∗ gj′,k′.
Therefore an indution on m shows that the solution v of the partial dier-
ential equation
∂v
∂t
=
∂v
∂z
g˜
with initial ondition v(t = 0, z) = z is a majorant series for Bu, that is,
the oeients of the power series expansions in z, t of the expansion v ma-
jorate that of Bu inside the disk D. By the standard Cauhy-Kovalevskaïa
theorem, the funtion v is holomorphi in some neighbourhood of the origin
and therefore so is Bu. This proves the assertion.
This shows that there exist u, ϕ suh that u ◦ϕ(f) = f0 provided that there
exist g,H satisfying Equation (2).
In the notations introdued at the beginning of this subsetion, Equation (2)
beomes g ◦ [1] = [γ].
Therefore it an be solved provided that [1] generates the module M .
Assume that the module M is of nite type then the Nakayama lemma im-
plies the equivalenes
(i) the lass of 1 generates the C~{z, t}-module M ,
(ii) the lass of 1 generates the C-vetor spae V =M/(tM + ~M + zM).
The C-vetor spae V is of dimension 1. Indeed, this vetor spae is the bre
at the origin of the Brieskorn lattie of the symbol σ(f0) of f0 (see e.g. [9℄).
Therefore, the dimension of V equals the Milnor number of the plane urve
singularity {σ(f0) = 0} ([5, 21℄). The Milnor number of a Morse funtion
is equal to one; the lass of 1 in V being obviously non-zero, point (ii) is
satised and onludes the proof of the lemma. 
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3.2. Finiteness theorem. By Lemma 3.1, it remains to prove that M is
a module of nite type. We will prove the following more general theorem
(remark that for formal power series the proof of this theorem is straightfor-
ward).
Theorem 2. For any germ f ∈ Q{λ}, λ = (λ1, . . . , λk), suh that the
symbol of f0 = f|λ=0 has an isolated ritial point at the origin, the spae
M = Q{λ}/ i
~
[f,Q{λ}] is a C~{z, λ}-module of nite type.
This theorem is a partiular ase of a niteness theorem that we shall now
formulate.
We denote by O
C
k|Ck+2 the restrition of the sheaf of holomorphi funtions
in C
k × CN to the vetor subspae Ck × {0}. The quantum analyti sheaf
relative to the projetion (λ, x, y) 7→ λ, denoted Q
C
k+2/Ck , is dened by the
presheaf ([23, 25℄):
U −→ Q
C
k+2/Ck(U) = {f ∈ Q̂[[λ]], Bf ∈ OCk+2|Ck+3(U)}
where U denotes an open subset. The sheaf of vetor spaes Q
C
k+2/Ck and
O
C
k+2|Ck+3 are isomorphi.
The sheaf B
C
l is dened on C
l
by the presheaf:
U −→ B
C
l(U) = {f ∈ C[[~, α1, . . . , αl]], Bf ∈ O
C
l|Cl+1(U)}.
Definition 3.1. Consider a map F : X −→ S, S ⊂ Cl, satisfying Thom's
aF ondition. A sheaf F is alled F -onstrutible if the following ondition
holds: for eah point x ∈ X there exists a neighbourhood U inside the strata
of x suh that
F|U ≈ F−1(F|U )∗F .
We use the notations introdued sin Subsetion 3.2. A omplex of oherent
Q
C
k+2/Ck -sheaves is alled F -onstrutible if its ohomology sheaves are F -
onstrutible and if its dierential is F−1BS-linear where BS denotes the
restrition of the sheaf B
C
l to S. The proof of the following theorem is given
in the appendix (see also [10℄).
Theorem 3. Let F : (Ck × C2, 0) −→ (Cl, 0) be a holomorphi map germ
satisfying the aF -ondition. The ohomology spaes H
k(K ·) assoiated to a
omplex of F -onstrutible Q
C
k+2/Cl,0-oherent modules are F
−1B
C
l,0-oherent
modules.
3.3. Proof of Theorem 2. Consider the unfolding of the plane urve sin-
gularity assoiated to the prinipal symbol of f
F : (Ck × C2, 0) −→ (Ck × C, 0), (λ, x, y) 7→ (λ, σ(f)(λ, x, y))
where σ stands for the prinipal symbol. As F denes an isolated omplete
intersetion singularity it admits standard representatives (sometimes alled
good or Milnor representatives), whih trivially satises the Thom aF on-
dition for any Whitney stratiation whih renes the stratiation by the
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rank (see [2, 20℄).
Let F : X −→ S, (λ, x, y) −→ (λ, σ(f)(λ, x, y)) be suh a representative.
We onsider the omplex of sheaves on X:
K· : 0 −→ QX/S −→ QX/S −→ 0
where the only non zero boundary map is given by g 7→ i
~
[g, f ]. Here QX/S
denote the restrition of the sheaf Q
C
k+2/Ck to X.
Aording to Theorem 3, it sues to prove the following lemma.
Lemma 3.2. The sheaf omplex K· is F -onstrutible, i.e, its ohomology
sheaves are loally onstant along the bres of F : X −→ S.
Proof. As the bres of F have at most isolated singular points, it sues to
prove the lemma at regular points of F (any sheaf restrited to a point is
onstant).
At the level of zero ohomologies, there is nothing to prove, indeed a obound-
ary m ∈ K0(X) satises [m, f ] = 0 and is therefore onstant along the bres
of F .
Denote by Φ be the automorphism of Q
C
k+2/Ck{t} obtained by integrating
the Heisenberg equations of f . The prinipal symbol ϕ of Φ is the ow of
the Hamilton vetor eld assoiated to F .
Now, take a oboundary m ∈ K1(U) where U is a suiently small open
neighbourhood of a regular point of F , so that:
(1) it does not ontain the origin,
(2) the map ψ : U −→ C× S, z 7→ (t, F (z)) with ϕ(t, w) = z is biholo-
morphi onto its image, i.e, t is a loal oordinate on the bres of
the map F|U ..
Dene mt = Φt(m) ∈ K1(ϕt(X)). We dierentiate mt with respet to t and
use the fat that Φt(f) = f , we get
d
dt
(mt) = Φt(
i
~
[m, f ]) =
i
~
[Φt(m), f ].
Thus, the yles m and mt are obordant. This shows that H1(K·)|U =
F−1(F|U )∗H1(K·) and hene the omplex K· is F -onstrutible. This proves
the lemma and onludes the proof of the theorem. 
3.4. Complementary result 1: freeness of the deformation module.
Proposition 3.1. For any germ f ∈ Q{λ} (resp. f ∈ Q̂[[λ]]), λ =
(λ1, . . . , λk), suh that the symbol of f0 = f|λ=0 has an isolated ritial
point at the origin, the C~{z, λ}-module M = Q{λ}/ i~[f,Q{λ}] (resp. the
C[[~, z, λ]]-module M̂ = Q̂[[λ]]/ i
~
[f, Q̂[[λ]] ]) is free.
Proof. The proof is a simplied version of that given in [12℄ in the semi-
lassial limit. We make the proof in the analyti ase, it diers from the
formal ase only in notations.
We put ~ = λk+2, z = λk+1 and dene the omplex K
·
j indutively by
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K ·j+1 := K
·
j/λj+1K
·
j and K
·
0 := K
·
(the omplex K · was dened in Subse-
tion 3.3). The multipliation by λj+1 indues an exat sequene of omplexes
0 −→ K ·j −→ K ·j −→ K ·j+1 −→ 0
whih indues in turn a long exat sequene in ohomology. There are anon-
ial isomorphisms
H0(K ·j) ≈ C~{λj+1, . . . , λk+1}, H0(K ·k+1) ≈ C~, H0(K ·k+2) ≈ C
for j = 0, . . . , k. Therefore the exat sequenes split and we get short exat
sequenes
0 −→ H1(K ·j) −→ H1(K ·j) −→ H1(K ·j+1) −→ 0
whih shows that (λ1, . . . , λk+2) is a regular sequene of maximal length,
therefore the nite type module M = H1(K ·) has depth k+2; onsequently
the Auslander-Buhsbaum formula implies that M is a free module (see e.g.
[8℄). 
3.5. Complementary result 2: the quantum versal deformation the-
orem. The niteness of the deformation module (Theorem 2) implies the
versal deformation theorem in the algebra Q{λ}. The proof is similar to the
one we gave in the isohore ase([9℄).
We reall some standard denitions adapted to our setting.
An element F ∈ Q{λ} is alled a deformation of f = F (0, ·) ∈ Q. A deforma-
tion G ∈ Q{µ} of f is alled indued from F is there exist homomorphisms
of algebras ϕ : Q{λ} −→ Q{µ}, u ∈ C~{µ} suh that u ◦G = ϕ(F ).
A deformation of f ∈ Q is alled versal if any other deformation of f an be
indued from it.
Theorem 4 (ompare [6℄, Theorems 6,7,8,9 and [24℄). A deformation F of
an element f ∈ Q is versal provided that the lasses of the ∂λjσ(F )|λ=0's and
of 1 generate the C-vetor spae C{x, y}/({C{x, y}, σ(f)} + C{x, y}σ(f)).
Remark 3.1. The onverse statement of the above theorem holds trivially.
Example 3.1. The deformation F = p2+ qk+1+
∑k−1
j=1 λjq
j
is versal. Indeed,
here σ(f) = y2 + xk+1 and the C-vetor spae C{x, y}/({C{x, y}, σ(f)} +
C{x, y}σ(f)) an be identied with the Milnor algebra C{x, y}/(y, xk) of f
whih is generated by the lasses of 1, x, . . . , xk−1 (see [9℄, Example 2 for
details).
Proof. We use a standard method introdued by Martinet in the ontext of
singularity theory for dierentiable mappings [22℄ (see also [9℄).
LetG be an arbitrary deformation of f depending on the parameters µ1, . . . , µl.
Dene the deformation Φ = F +G− f and let Φj be the restrition of Φ to
µ1 = · · · = µj = 0 with Φ0 = Φ.
Assertion. The deformation Φj−1 is indued by the deformation Φj .
We put t = µj , α = (λ1, . . . , λk, µ1, . . . , µj) and dierentiate with respet
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to t the equation ut ◦ ϕt(Φj−1) = Φj . Proeeding like in the proof of the
quantum Morse lemma, we get the equation
(4) g ◦Φj−1 + i
~
[Φj−1,H] +
k+j−1∑
l=1
al∂αlΦj−1 = γ.
with γ ∈ Q{α}, g ∈ C~{z, α}, al ∈ C~{α}. This equation an be solved
provided that [1] and the [∂αlΦl−1]'s generate the C~{α, z}-module M =
Q{α}/ i
~
[Φj−1,Q{α}].
Theorem 2 implies that the moduleM is of nite type, therefore the Nakayama
lemma implies the equivalenes
(i) the lasses of 1 and of the ∂αlΦj−1's generate the C~{z, α}-module M ,
(ii) the lasses of 1 and of the ∂αlΦj−1's generate the C-vetor spae V =
M/MM where M is the maximal ideal of the loal ring C~{z, α}.
The assumption on F implies the last statement. This proves the assertion.
Applying suessively the assertion from j = 0 to j = l, we get that
Φ0 = F + G − f is indued by Φl = F . This onludes the proof of the
theorem. 
3.6. Complementary result 3: solution to a onjeture due to Colin
de Verdière. In [6℄, Colin de Verdière onjetured the following result.
Theorem 5. Let F ∈ Q{λ} (resp. F ∈ Q̂[[λ]]) be a miniversal deformation3
of an operator f ∈ Q (resp. f ∈ Q̂). Let G be another deformation of f ,
so that G is indued from F , that is, u ◦G = ϕ(F ), then the funtion germs
ϕ(λj) ∈ C~{µ} and u ∈ C~{µ, z} (resp. ϕ(λj) ∈ C[[~, µ]] and u ∈ C[[~, µ, z]])
are uniquely determined by the hoies of F and G.
Proof. We make the proof for the analyti ase, the ase of formal power
series is similar (and in fat simpler sine the niteness of the deformation
module is in this ase obvious).
We use the same notations as in the proof of Theorem 4.
Equation (4) an be written as
(5) g ◦ [1] +
k+j−1∑
l=1
al[∂αlΦj−1] = [γ]
where the braket denotes the lass in the moduleM = Q{α}/ i
~
[Φj−1,Q{α}].
Sine F is miniversal and the module M is free of nite type, the lasses
[∂αlΦj−1] and [1] freely generate the module M for l ∈ {1, . . . , k}. Therefore
the solution of Equation (4) with al = 0 for l > k is unique.
This shows that the funtions germs ϕ−1t (λk) obtained after integrating
the oeients al are uniquely determined. By a nite indution on j ∈
{0, . . . , k}, we get that the funtion germs ϕ(λk) are uniquely determined by
F and G. This proves the theorem. 
3
A versal deformation depending on a minimal number of parameter is alled miniversal
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4. Analytiity of the perturbative expansions
We ome bak to the onvergene of the perturbative expansions, our aim is
to assoiate to eah element in Q a spetrum whih is invariant under auto-
morphism onneted to the identity and whih preserve analytiity proper-
ties.
4.1. The operator representation. Denote by Qa the left ideal generated
by a and put H = Q/Qa. The map H −→ C~{z} sending the lass of a† to
z is an isomorphism of C~-modules.
The left multipliation by H ∈ H indues a ommutative diagram dening
the homomorphism ρ(H) ∈ Hom
C~
(H,H):
Q H. //

Q

H ρ(H) // H
Here the vertial arrows stand for the anonial projetions.
Thus, we have a homomorphism of C~-modules
ρ : Q −→ Hom
C~
(H,H)
representing the elements in Q as C~-linear operators in H. Via the isomor-
phism H ≈ C~{z}, the operators assoiated to a† and a are mapped to the
multipliation by z and to ~∂z.
Proposition 4.1. The homomorphisms of C~-rings ρ : Q −→ HomC~(H,H),
is a ring monomorphisms.
Proof. The kernel I of the homomorphism ρ is a left-ideal invariant under
right multipliation by a and a†.
Dene the map v : I −→ Z≥0 sending H ∈ I to the smallest k ∈ Z≥0 for
whih there exists j suh that the oeient of (a†)jak in the expansion
H =
∑
jk αjk(a
†)jak is non zero.
Assume that I 6= 0, then there exists at least one non-zero element H for
whih v is minimal.
We have neessarily v(H) = 0 otherwise v([H, a†]) would be smaller than
v(H). Evaluating Hk = [a
k,H] with H =
∑
j αj(a
†)j on the lass of 1 ∈ Q,
we get that ρ(Hk)1¯ = ~
kαk1¯ = 0. This ontradits the fat that H 6= 0. 
4.2. The spetrum of an operator. In the sequel, we identify H ∈ Q
with its image under the homomorphism ρ. The set of eigenvalues of an
operator H ∈ Q under the ρ-representation, denoted by Sp(H), is alled the
analyti spetrum. There is also a representation
ρˆ : Qˆ −→ Hom
C~
(Ĥ, Ĥ)
with Ĥ = Q̂/Q̂a, the resulting formal spetrum of an operator H ∈ Q̂ is
denoted by Ŝp(H).
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Proposition 4.2. The analyti spetrum and the formal spetrum of the
harmoni osillator H = a†a oinide and are both equal to ~Z≥0.
Proof. We have H(a†)n = n~(a†)n (mod Qa) therefore the projetion of the
(a†)n's in H are the eigenvetors of ρ(H). 
4.3. Borel analytiity of perturbative expansions. We now onsider
the ase with parameters.
In the spae H{t} := Q{t}/Q{t}a we annot take the denition of the
previous subsetion for the eigenvetors, sine already in example of the
harmoni osillator, perturbative expansions of eigenvetors are, in general,
neither holomorphi nor meromorphi. Therefore, we shall say that ψ ∈
H{t} is an eigenvetor of f ∈ Q{t} if there exists E ∈ C~{t} suh that
f(~t, ·)ψ(~t, ·) = E(t, ·)ψ(~t, ·).
Consequently, if ψ(t, ·) is an eigenvetor then ψ(t/~, ·) is the orresponding
perturbative expansion. Similar onsideration apply in the formal ase.
Let us denote by Id ∈ Aut(Q{t}) the identity mapping. Proposition 2.1
implies the following result.
Proposition 4.3. For any automorphism ϕ of Q{t}, ϕ(t = 0, ·) = Id, any
mapping ψ ∈ C~{t, z}, and any germ f ∈ Q{t}, we have
Sp(ϕ(f)) = Sp(f), Sp(ψ(f)) = ψ(Sp(f))
and similarly for the formal spetrum.
Theorem 6. If f ∈ Q{t} is a perturbation of a harmoni osillator, then
its formal and analyti spetrum are equal
Ŝp(f) = Sp(f),
that is, the perturbative expansions of the spetrum are Borel analyti.
Proof. The quantum Morse lemma (Theorem 1) asserts that there exist an
automorphism ϕ ∈ Aut(Q{t}) and an element u ∈ C~{t, z} suh that the
equality f = u ◦ ϕ(f0) holds with f0 = f(t = 0, ·). Proposition 4.3 implies
that the eigenvalues of f are the images of the eigenvalues of f0 under the
map-germ u. These expansions are unique (Theorem 5) therefore Ŝp(f) =
Sp(f) = u(Sp(f0)). In partiular, the Borel transform of the perturbative
expansion for the spetrum are holomorphi funtion germs. This proves the
theorem. 
Remark 4.1. Via the isomorphism H ≈ C~{z}, the operator H might be
identied with the operator ~z∂z . For any λ, the funtion z
λ/~
lies in the
kernel of the operator ~z∂z − λ but only for λ ∈ ~Z≥0 is this solution an
unbranhed holomorphi funtion germ.
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Remark 4.2. The module H is an indutive limit of C∗-Hilbert modules over
the ring C~. Indeed, the ring C~ admits the involution
τ : C~ −→ C~,
∑
n
αn~
n 7→
∑
n
α¯n~
n
whih xed points form a subring R~ ordered by the ondition f > g if and
only if the rst non vanishing oeient in the series of f − g is positive.
Consider the restrition to zero mapping
pi : Q −→ C~,
∑
m,n≥0
αmn(a
†)man 7→ α0,0.
We dene hermitian onjugation in Q by
† : Q −→ Q,
∑
m,n≥0
αmn(a
†)man 7→
∑
m,n≥0
α¯mn(a
†)nam;
and a pairing P : Q×Q −→ C~, (f, g) 7→ pi(f †g).
The inner produt 〈 · | · 〉 is dened by the ommutative diagram
Q×Q
P
##G
G
G
G
G
G
G
G
G

H×H 〈·|·〉 // C~
where the vertial arrow denotes the anonial projetion. Moreover, an easy
omputation shows that the ~-trae series Tr~(f) :=
∑
n≥0 〈n|f |n〉 of any
funtion-germ f ∈ Q is Borel analyti. Therefore, not only the spetrum is
well-dened in loal analyti terms but also a Hamiltonian one dimensional
quantum eld theory.
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Appendix A. Proof of the finiteness theorem
We assume some familiarity with topologial tensor produts as exposed in
[14, 19℄ and with the Whitney-Thom theory of stratied spaes and mor-
phisms as exposed for instane in [13℄. An elementary exposition of this
appendix reviewing both theories is given in [10℄.
A.1. Constrution of the ontration. We denote by Br the ball of ra-
dius r entred at the origin in Ck+2. Let F : X −→ S be a standard
representative of F . Here X is the intersetion of a Stein open neighbour-
hood Y of the origin with a small losed ball Bε. The aim of this subsetion
is to prove the following proposition.
Proposition A.1. For any ε′ < ε, the restrition mapping r : K·(X) −→
K·(X ′) is a quasi-isomorphism with X ′ = X ∩Bε′.
It is obviously suient to prove the proposition for ε′ suiently lose to ε.
Proof. As the map F satises Thom's aF ondition, there exists a stratied
vetor eld θ in Y ⊂ Cn tangent to the bres of F every where transversal
to Y ∩ Bε. Denote by ϕ :] − δ, δ[×Bε −→ X the ow of the vetor eld θ
where δ is small enough so that it indues a map whih is a homeomorphism
onto a neighbourhood of the boundary of Bε as stratied sets:
]− δ, δ[×∂Bε −→ Bε, (t, x) 7→ ϕt(x).
We hose ε′ suiently lose to ε so that the boundary of X ′ lies on the
image of this mapping. Chose an ayli overing U = (Ui) of X, its image
U ′ = (U ′i), U
′
i = Ui ∩Bε′ , is an ayli overing of X ′.
Consider the spetral sequenes Ep,q0 (X) = Cp(U,Kq), Ep,q0 (X ′) = Cp(U ′,Kq)
for the hyperohomology of the omplex K·. Here, as usual, C·(·) stands for
the eh resolution.
The map ϕ indues a homeomorphism between eah strata in Ui and the
orresponding stratum in U ′i for eah i. As the omplex of sheaves is F -
onstrutible and F (Ui) = F (U
′
i) we have group isomorphisms
Hq(K·)(Ui) ≈ F∗Hq(K·))(F (Ui)) ≈ Hq(K·)(U ′i)
on eah small open subset Ui. Therefore, the restrition mapping indues
an isomorphism between the rst sheets of the hyperohomology spetral
sequenes:
Ep,q1 (X) = Cp(U,Hq(K·)) ≈ Cp(U ′,Hq(K·)) = Ep,q1 (X ′).
This shows that the hyperohomology spaes H
·(X,K·) and H·(X ′,K·) are
isomorphi.
As X is Stein, by Cartan's theorem B, for any p ≥ 0, we have the isomor-
phisms
H
p(X,K·) ≈ Hp(K·(X)), Hp(X ′,K·) ≈ Hp(K·(X ′)),
therefore the restrition mapping is a quasi-isomorphism. This proves the
proposition. 
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A.2. Proof of Theorem 3.
Theorem 7 ([17℄). Let A be a multipliatively onvex, omplete bornologial
algebra and let (M ·i) be a sequene of omplexes of omplete bornologial A
modules; let be given for 1 ≤ i ≤ r, a homomorphism of omplexes ui :
M ·i−1 −→ M ·i (A-linear and bounded), and relative integers a, b ∈ Z, with
a ≤ b.
We make the following assumptions
(1) for all i, Mni satises the homomorphism property for n ≥ a and is
zero for n ≥ b,
(2) for 1 ≤ i ≤ r, ui is a quasi-isomorphism (see [18℄) and is A-nulear
in degree ≥ a,
(3) r ≥ b− a+ 1.
Then the omplexes M ·i are a-pseudo-oherent (see [18℄).
We take r = 3, so that i = 0, 1, 2, and a = 0, b = 2, so that M2 is zero.
As the restrition mapping r : K·(X) −→ K·(X ′) is a B(S)-subnulear quasi-
isomorphism, the Houzel theorem applies. This shows that the ohomology
spaes of the modules K·(X) are BS(S)-oherent (see [10℄ for details). Denote
by L· a omplex of free oherent BS-sheaves so that L·(S) is quasi-isomorphi
to K·(X).
Lemma A.1. The sheaf omplexes L·, f∗K·|X are quasi-isomorphi
Proof. A mapping u : M · −→ L· of omplexes indues a quasi-isomorphism
between two omplexes if and only if its mapping ylinder C ·(u) is exat.
We apply this fat to the mapping ylinder of the quasi-isomorphism
u : L·(S) −→ K·(X).
As the vetor spae BS(P ) is nulear for any polydisk P ⊂ S, the funtor
⊗ˆBS(P ) is exat ([19℄). Therefore, the omplex C ·(u)⊗ˆBS(P ) is also exat.
The omplex C ·(u)⊗ˆBS(P ) is the mapping ylinder of the mapping u′ :
L·(P ) −→ K·(X ∩ f−1(P )). Therefore, the omplexes of sheaves L· and
f∗K·|X are quasi-isomorphi. This proves the lemma. 
I assert that the omplex K · = K·0 is quasi-isomorphi to the stalk of the
omplex L· at the origin.
Let (Bεn) be a fundamental sequene of neighbourhoods of the origin in C
n
,
so that their intersetion with the speial bre of F is transverse. As the
map F satises the aF -ondition, we may nd a fundamental sequene (Sn)
of neighbourhoods of the origin in C
k
so that the bres of F interset Bεn
transversally above Sn.
Put Xn = f
−1(Sn), we have the isomorphism
L·|Sn ≈ F∗K·|Xn ≈ F∗K·|Xn∩Bεn .
The rst isomorphism is a onsequene of the previous lemma and the se-
ond one follows from the fat that the ontration is a quasi-isomorphism
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(Proposition A.1).
In the limit n −→∞, we get that the omplex K · = K·0 is quasi-isomorphi
to the omplex L·0. This onludes the proof of Theorem 3.
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